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N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi =X +/ b(s,Xs)ds+/o(s,Xs)dWS
0 0

(SDE)

Stéphane Menozzi (LPMA, University of Paris 7)

Approximation of Stopped Diffusion Processes

[m] = = =
CREST and 4™ Ritsumeikan-Florence Workshop. March oth 2012

Ay
2/11



N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi = X +/ b(S,XS)dS+/0(S,X5)dWS
0 0

- W d-dimensional Brownian motion,

(SDE)
- b, o Lipschitz continuous in space, locally bounded in time.
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N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi =X +/ b(s,Xs)ds+/o(s,Xs)dWS
0 0

O<t<T

(SDE)
D= |J {t} xDi={(t,x): 0 <t <T,x €D} C]0,T[xR
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N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xt = X +/ b(S,XS)dS+/0(S,XS)dWS
0 0

(SDE)
D= |J {t} xDi={(t,x): 0 <t <T,x €D} C]O, T[xR
O<t<T
/@j d f _i: time
FIG.: Time-space domain and its time sections.
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Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi = X +/ b(S,XS)dS+/0(S,XS)dWS
0 0

O<t<T

(SDE)
D= |J {t} xDi={(t,x): 0 <t <T,x €D} C]O, T[xR

/@O

.~ time
+

FIG.: Time-space domain and its time sections.

- T .= |nf{t > 0: X; ¢Dt}

- 7 AT exit time of (t, X;)i>o from the time-space domain D.
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N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi = X +/ b(s,Xs)ds+/a(s,Xs)dWS
0 0

O<t<T

(SDE)
D= |J {t} xDi={(t,x): 0 <t <T,x €D} C]0, T[xR

/@j()

.~ time
T
FIG.: Time-space domain and its time sections

Approximation of quantities of the following type

TAT S
Q(T,g,f, k,x) :=Ex[g(T AT, Xon1)ZrnT +/ Zsf(s, Xs)ds], Zs ZeXp(—/ k(r,Xr)dr). (Q)
0 0
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N
Problem

(Xt)t>0 : d-dimensional diffusion process :

t t
Xi =X +/ b(s,Xs)ds+/o(s,Xs)dWS
0 0

Approximation of quantities of the following type

(SDE)

TAT S
Q(T.0.f.K.X) = Bx[g(r AT, Xou)Zort +/O Zsf(s,Xs)ds],Zs:exp(—/o (r.X)dr).  (Q)

Two Approximations needed
» Discretization of the process (X;)i>o-

» Discretization of the stopping time 7 A T.
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The Black & Scholes framework

X¢ = Xo exp(oeWy + (r — a2 /2)t).
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The Black & Scholes framework

Xi = Xo eXp(oW; + (r — o2 /2)t).
» Assumer — 02/2 = 0.

Knock-in option).

» Choose Q := e ""P[X; <K,7 <T]forgivenK >0,D = (0,H), H > (xo vV K) (Digital
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The Black & Scholes framework

Xt = Xo exp(JWt + (r — 02/2)t).

» Assumer — 02/2 = 0.
» Choose Q :=e "P[X; <K,7 <T]forgivenK >0,D = (0,H), H > (xo vV K) (Digital

Knock-in option).

eTQ = PW; < log(K /x0) sup W, > |09(H/Xo)]

o sel0,T] o
log(K /Xo) log(H /Xo)
= PW;<c,sup Ws>b],c:=—"—"- b:=—"F""-~
[ e se[OPl] ° ] oVvT oV T

= PN(0,1) >2b—c]=1—-®(2b—c).

o = = = T wao
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The Black & Scholes framework

Xt = Xo exp(oeW; + (r — a2 /2)t).

» Assumer — 02/2 = 0.
» Choose Q := e ""P[X; < K,7 <T]forgivenK >0,D = (0,H), H > (xo vV K) (Digital

Knock-in option).

ag s€[0,T] o
log(K /o) log(H/Xo)
= PW;<c,supWs>bl,ci=——— b:=———=
W = SE[Ol,Oll » 2Pl oVT ovVT

— P[N(0,1)>2b—c]=1—(2b—c).

Discretization of 7

o = = = T wao
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A first example

The Black & Scholes framework

Xt = Xo exp(JWt + (r — 02/2)t).
» Assumer — 02/2 = 0.

» Choose Q :=e ""P[X1 < K,7 < T]forgivenK >0, D = (0,H), H > (xo vV K) (Digital
Knock-in option).

eTQ = P[W; < |Og(K/Xo), sup W, > |Og(H/X0)]

o sel0,T] o
log(K /o) log(H /Xo)
_ PW; <c, sup Ws > b], ¢ .= 29W8/X0) . 100/ X0)
[ L= se[O[?L] > ] Oﬁ O'\/-T

= PN(0,1) >2b—c]=1—-®(2b—c).
Discretization of 7

» Seth =T/m,m e N*, (t :=ih)i>o.
» Define " :=inf{t; =ih : X, > H}, Q" := e TP[X; <K, 7" < TJ.

= =) = = = wae
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The Black & Scholes framework

Xy = Xo exp(oWy + (r — o2/2)t).

» Assumer — 02/2 = 0.
» Choose Q := e ""P[X; <K,7 <T]forgivenK > 0,D = (0,H), H > (x0 vV K) (Digital
Knock-in option).

erTQ = P[Wt < M, sup Ws > M]

g s€[0,T] o
log(K /o) log(H /o)
= P[W; <c, sup Wsg>b], c:=—— """ p:.=
[ L= se[Of)l] > ] oV T oV T

— PN(0,1)>2b—c]=1—(2b—c).

Discretization of 7

» Seth=T/m,m e N*, (t :=ih)iso.
» Define 7" :=inf{t; = ih : X, > H}, Q" := e TP[X; <K,7" <T].
eTQ" = P[Xn <cvm, 7 <m]X —ZG., (Gi)iso, iLi.dN(0,1), 7 :=inf{i € N: X; > bym}

= PXp > 2(b\F+ Rm) — c\F] Rm := Xz — by/m (Overshoot!)

~ (1-E[®(2b+ T) —¢)]) (Asymptotic independence of Xy, and Ry,).
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The Black & Scholes framework

X¢ = Xo exp(oW; + (r — 02/2)t).
» Assume r — 02/2 = 0.

» Choose Q :=e ""P[X; <K,7 < T]forgivenK >0, D = (0,H), H > (xo vV K) (Digital
Knock-in option).

Discretization of 7

eT(Q" — Q) = ~Eo(2(b + ~) — c)] + (20 ) = 2L

J/m Jm @(Zb—c)+o(i).

J/m

(=] =l = = E waAx
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The Black & Scholes framework

Xt = Xo exp(oeWy + (r — a2 /2)t).
» Assumer — 02/2 = 0.

Knock-in option).

» Choose Q := e ""P[X; < K,7 <T]forgivenK > 0,D = (0,H), H > (xo vV K) (Digital

Discretization of 7

e (Q" - Q) ~ —E[®(2(b + ﬁ—\/%) —c)]+o(2b —c) ~ —ZE\[/F_:%]@(Zb —c) +0of

» Asymptotics of the overshoot : E[Ry] — Co 1=

v
2R[X:, ]’ T+

E[XZ]
Journal Appl. Proba. (79), Sigmund and Yuh, PTRF (82) ~» renewal arguments, Borovkov,
Sib. Math. Journal (62), Peres et al, AOP (97) ~~ complex analysis).

— inf{i > 0:X; > 0} (Siegmund,

¢(1/2)

Co = — — .5826...
0 \/Z

Stéphane Menozzi (LPMA, University of Paris 7)

Approximation of Stopped Diffusion Processes

[} = = =
CREST and 4™ Ritsumeikan-Florence Workshop. March oth 2012

Ay

3/11



The Black & Scholes framework

Xy = Xo exp(oW; + (r — o2/2)t).
» Assumer — 02/2 = 0.

Knock-in option).

» Choose Q := e ""P[X; <K,7 <T]forgivenK > 0,D = (0,H), H > (xo vV K) (Digital

Discretization of 7

eT(Q" — Q) ~ —E[d(2(b + R—\/%) —¢)]+d(2b—c) ~ —2E\[/F%“]¢(2b —¢)+of

» Asymptotics of the overshoot : E[Rp] —Co:

1
vm®
E[XZ] _ R - .

= WK inf{i > 0: X; > 0} (Siegmund,
Journal Appl. Proba. (79), Sigmund and Yuh, PTRF (82) ~» renewal arguments, Borovkov,
Sib. Math. Journal (62), Peres et al, AOP (97) ~~ complex analysis).
1/2
o _C(1/2)

= .5826...
V2

» Correction Procedure : (Broadie, Glasserman, Kou, Math. Finance (97))

~ 1
h —IT rT h
.= e TP[X; < K, max Xs > H exp(—coovh)], e —Q)=o(—].
6 Xr < K. max X > Hexp(-cor VAl e7(3" - Q) =0 (1)
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The Black & Scholes framework

Some key points
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The Black & Scholes framework

Some key points

» Discretization of the stopping time yields an error of order v/h.
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A first example

The Black & Scholes framework

Some key points

» Discretization of the stopping time yields an error of order v'h
» Crucial quantity to control : Overshoot.
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The Black & Scholes framework

Some key points

» Discretization of the stopping time yields an error of order v/h.
» Crucial quantity to control : Overshoot.

Goal
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The Black & Scholes framework

Some key points

» Discretization of the stopping time yields an error of order v/h.
» Crucial quantity to control : Overshoot.

Goal
domains.

» Characterize the overshoot for the Euler scheme of diffusion processes in time dependent
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The Black & Scholes framework

Some key points

» Discretization of the stopping time yields an error of order v/h.
» Crucial quantity to control : Overshoot.

Goal
domains.

» Characterize the overshoot for the Euler scheme of diffusion processes in time dependent

» Establish an error expansion and a domain correction procedure in that framework.

Stéphane Menozzi (LPMA, University of Paris 7)
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General Model

Back to diffusion processes in time-space domains

t t
Xi = X +/ b(S,XS)dS+/0(S,X5)dWS
0 0

(SDE)
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General Model

Back to diffusion processes in time-space domains

t t

X, = X + / b(s, X.)ds + / o (s, X<) AW, (SDE)
0 0

D= |J {t} xDi={(t,x): 0<t<T,x €D} c]o,T[xR".

O<t<T

/ﬁd()

-~ time
T

FiG.: Time-space domain and its time sections.
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D= |J {t} xDi={(t,x): 0<t<T,x €D} c]o,T[xR".

O<t<T
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General Model

Back to diffusion processes in time-space domains

t t

X = X + / b(s, X.)ds + / o (s, X<)dWs (SDE)
0 0

D= |J {t} xDi={(t,x): 0 <t <T,x €D} 0, T[xR

O<t<T

/ﬁd()

~ time
T

FIG.: Time-space domain and its time sections.

- T I= |nf{t > 0: X th}
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General Model

Back to diffusion processes in time-space domains

t t

X, = X + / b(s, X.)ds + / o (s, X<) AW, (SDE)
0 0

D= |J {t} xDi={(t,x): 0<t<T,x €D} c]o,T[xR".

O<t<T

/ﬁd()

-~ time
T

FiG.: Time-space domain and its time sections.
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Back to diffusion processes in time-space domains

t t
0 0

TAT S
Q(T,g,f,k,X) = EX[g(T /\TaxT/\T)ZT/\T +A ZSf(Saxs)dS]azS — exp(_/o k(raxr)dr)' (Q)

(=] =l = = E waAx
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Back to diffusion processes in time-space domains

t t
0 0

TAT S
Q(T,g,f,k,X) = EX[g(T /\TaxT/\T)ZT/\T +A ZSf(Saxs)dS]azS — exp(_/o k(raxr)dr)' (Q)

Under “suitable” assumptions Q(T, g, f,k,x) = u(0, x). Feynman-Kac representation of the PDE

(PDE)

(Ou + Liu — ku +f)(t,x) =0, (t,x) € D,
u(t,x) =g(t,x), (t,x) € PD,

(=] =l = = E waAx
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Back to diffusion processes in time-space domains

t t
0 0

Under “suitable” assumptions Q(T, g, f,k,x) = u(0, x). Feynman-Kac representation of the PDE

(Ou + Liu — ku +f)(t,x) =0, (t,x) € D, (PDE)
u(t,x)=g(t,x), (t,x) € PD,
- Lep(x) = (b(t, x), Dxp(x)) + 5tr(a(t, x)Di(x)) generator of X,
- PD := 9D\[{0} x Dg] parabolic boundary of D,
- k (potential/interest rate), f (source term/dividend), g (final condition/Pay-off) in the heat
equation.
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Approximation scheme

Leth = T/m >0, m € N¥, (ti = ih)iZOa vt > 0, qb(t) =tisit<t< tii1.
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Approximation scheme

Leth=T/m >0, me& N (t :=1ih)i>o, Vt > 0, ¢(t) ==t Siti <t <ty
Euler scheme associated to (SDE)

t—x+/b

ds+/t (6(S), X)) dWs.
0

(EUL)

Stéphane Menozzi (LPMA, University of Paris 7)
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Approximation scheme

Leth=T/m >0, me& N (t :=1ih)i>o, Vt > 0, ¢(t) ==t siti <t <ty
Euler scheme associated to (SDE)

t—x+/b
- Discrete exit time 7

inf{t; > 0: X ¢ Dy}

o|s+/t (6(s), X, )W,
0

(EUL)

Stéphane Menozzi (LPMA, University of Paris 7)
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Approximation scheme

Leth=T/m >0, me N* (t :=1ih)i>o, VI > 0, ¢(t) :=ti siti <t <ty
Euler scheme associated to (SDE)

t
x+/ b(¢ ds+/a(gb(s),x(;‘(s))dwS (EUL)
0
- Discrete exit time 7" := inf{t, > 0 : X ¢ Dy}
- Approximation of (Q) by
AT . A
Q"(T,g,f,k,x) :=Ex[g(v" AT, XN, 1)Z}h 1 +/ Z0of (6(s), XD ds], Z = e Jo kel Xap)ar,

Stéphane Menozzi (LPMA, University of Paris 7)
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Approximation scheme

Let h = T/m > 0, m € N*, (ti = ih)i201 vt > 0, gb(t) =tsit<t< tiiq.
Euler scheme associated to (SDE) :

t_x+/b der/ot((s)Xh )dWs.

- Discrete exit time 7" := inf{t, > 0: X ¢ Dy},

- Approximation of (Q) by :

h

T'AT .
Q"(T.g. 1.k x) = Exlg(r" AT X, )Zhr + | 20 (0(s). Xl s], 20 = e o4

Control of the weak error

g = (Qh—Q)(T,g,f,k,x)zEx[{ (F"AT X)) —9(r" AT, Mg (X] hAT))}thATH

FEG(" AT, M, (Xh,0))2" +/z f(6(s), Xe))ds] — u(0,x)
T 0

(EUL)

Hr) X))

= EH(Tagak7X)+E |: Z { (t|+17 Dti ( t.+1))zt+1 - u(thn[_)ti(xt?))zt? —J’_Zt.hf(thxt.h)h}

Ogti<7'h/\T

+O0poi () == ENT, 9, k,X) + Eppe(T . 9, f, Kk, X) + Opoi (h).

=} F

E A
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Approximation scheme

Leth=T/m >0, me& N (t :=1ih)i>o, Vt > 0, ¢(t) :=t; siti <t <ty
Euler scheme associated to (SDE)

t—x+/b
- Discrete exit time 7

t
ds+/ (¢(S), Xjs))dWs (EUL)
0
=inf{t; > 0: X ¢ Dy}
- Approximation of (Q) by
AT A

Q"(T,g,f,k,x) :=Ex[g(r" AT, X, 1)Z0 1 + / Z06f(6(s), XNy ds], Z! = e~ Jo kel Xap)ar,

Tools

- Regularity of (PDE) It6-Taylor expansions
- Control of the overshoot

Stéphane Menozzi (LPMA, University of Paris 7)
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :

Stéphane Menozzi (LPMA, University of Paris 7)
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :

Let D € C2 and F(t,x) := d(x,dDy) (signed distance of x to the boundary of Dy).
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :

Let D € C? and F(t,x) := d(x, dDy) (signed distance of x to the boundary of Dy).

(NCB) 3rg >0, ap > 0 s.t. VF(t,x)a(t,x)VF(t,x)* > ao, V(t,x) € U711t} X Vap,(ro),
where Vyp,(ro) := {x € D¢ : d(x, 9D¢) < ro}.

Stéphane Menozzi (LPMA, University of Paris 7)
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :

where Vyp,(ro) := {X € Dy : d(x, 0Dy) < ro}.

(NCB) dro > 0, ap > 0s.t. VF(t,x)a(t,x)VF(t,x)* > ao, ¥(t,X) € Up<t<1{t} x Vap,(ro),
motion.

» (NCB) allows intuitively to connect F (t, X;) := d(X;, 9D;) with a time-changed Brownian
» (NCB) guarantees &} — 0.

Stéphane Menozzi (LPMA, University of Paris 7)
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, o € C1+9/21+0(D) 9 €]0, 1].

(7" X3 2R (70, X5)) [ (7. X0 [V (. X )Y ).

Y Random Variable independent of (7, X,).

=] F = = E waw
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Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, o0 € C1+0)/21+0(D) 9 €]0, 1].

(law)

(Th,xrhh’ h—1/2F_(7h7XThh)) - (1, X+, [VF o (1, X;)|Y),
Y Random Variable independent of (7, X,).
> Distribution function of Y, H(y) := (E[Xz])! [§ P[Xs+ > z]dz, i
Xo:=0,¥n>1 X, :=>",G(G)isii.d. N(0,1), 7+ :=inf{n > 0: X, > 0}.

» Y asymptotic law of the Brownian overshoot, cf. Siegmund (Journal of Applied
Proba. 1979).

» E(Y) = ;éf%j] ‘= Cp = —45/12/_? = 0.5826..., explicit knowledge of the constant important for

the correction procedure.
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Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, o € C1+0)/21+0(D) ¢ €]0, 1].

(law)

(3 X P M2 (7, X8)) 2 (7, X, [VF o, XY ),

Y Random Variable independent of (7, X,).

Ideas to prove the Theorem :

» Half space approximation of the boundary of the domain.

» Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood
of the boundary.

(=] =l = = E waAx
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Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, o0 € C1+0)/21+0(D) 9 €]0, 1].

(law)

(7", X5, h V2R (7, X1)) 2 (7, X, [ VR o(r, XY ),

T

Y Random Variable independent of (7, X,).
Ideas to prove the Theorem :

» Half space approximation of the boundary of the domain.

» Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood
of the boundary.

~ Double localization needed.
» approximation with constant domain and coefficients in a neighbourhood of size h® of the boundary,
a > 0.

» renewal arguments apply outside of a neighbourhood of size h'/?=¢ < h®, ¢ > 0 (w.r.t. to the
characteristic Brownian scale of order h%/?).

o = = = T wao
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, o € C1+9/21+0(D) 9 €]0, 1].

(7" X3 2R (70, X)) [ (7. X0, [V (. X )Y ).

Y Random Variable independent of (7, X, ).

Ideas to prove the Theorem :

» Half space approximation of the boundary of the domain.

» Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood
of the boundary.

~» Double localization needed.

» approximation with constant domain and coefficients in a neighbourhood of size h* of the boundary,
a > 0.

» renewal arguments apply outside of a neighbourhood of size h'/?=¢ < h®, ¢ > 0 (w.r.t. to the
characteristic Brownian scale of order h'/?).

Rd

FIG.: The two localization neighbourhoods a < § —¢.
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D € C?, (NCB), b, ¢ € C1+9/21+0(D) 9 €]0, 1].

(Th, XThh, h_l/ZF _(Th, th)) E:;alvo)) (7_7 X7’7 |VF 0-(7—7 XT)lY )7
Y Random Variable independent of (7, X;)
Ideas to prove the Theorem :

of the boundary.

» Half space approximation of the boundary of the domain.

» Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood
Rd

FIG.: The two localization neighbourhoods o < § —e.

indicated scales.

Stéphane Menozzi (LPMA, University of Paris 7)

» Final step : sharp control of the previous approximations w.r.t. the Brownian case and the

Approximation of Stopped Diffusion Processes
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(3+0)/2140(D),

(=] =l = = E waAx
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(:+0)/21+0(D),

Theorem : error expansion (Gobet, M., SPA 2010)

Assume (B), for h sufficiently small

EP = coVhEL L1 Z.(Vu — Vg)(7, X;) - VF (7, X;)|VF o(r, X,)|] + o(vh), (DEV)

Co := E[Y] = .5826.
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(3+0)/2140(D),

Theorem : error expansion (Gobet, M., SPA 2010)
Assume (B), for h sufficiently small
EP = coVhEx[[, <1 Z-(Vu — Vg)(7, X;) - VF (7, X;)|[VFo(r, X;)|] + o(Vh), (DEV)
Co := E[Y] = .5826.
Sketch of the proof. recall

& = (Q = QUT.9.f.kx) = Bl{g(r" AT X]r) = 9(r" AT Mg, (X))} Zhrl +

AT
+Ex[g(T" AT, ﬂ[—)m(xj_‘w))thAT + /O Z}isf(6(s), XJs))ds] — u(0,x)

= &N(T,9.k,x)+E [ > {U(ti+1, nﬁtm(xt?ﬂ))ztll —u(t, Mp, (X))Zy + Zt?f(ti,Xt?)h}

0<ti<ThAT

+Op0|(h) = SH(T7g7 k7X) + SSDE(T7g7f7 k,X) =+ Opol(h)-

= =) = = = wae
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(3+0)/21+0(D),

Theorem : error expansion (Gobet, M., SPA 2010)

Assume (B), for h sufficiently small

EP = coVhEL[I, <1 Z-(Vu — Vg)(7, X;) - VF (7, X,;)|VF (T, X,)|] + o(vh), (DEV)
co := E[Y] = .5826.
Sketch of the proof. recall

gf? = (Qh_Q)(Tagafakax):EX[{ (T /\T Xh/\T) g(Th/\T’HE)ThAT(th/\T))}ZrhAT]+
AT

B AT Mo, (X )2+ [ Z0gf(6(8), Xf)ds] - u(0.x)

0<ti<7hAT

+Op0|(h) = SH(T7ga k7X) + SSDE(Tag7f7 k,X) + Opol(h)-

There exists ro > 0 s.t. for all (t, x) € [0, T] x Vp,(ro) : Mg (X) = x + VF(t, x)F ~(t, x).

Stéphane Menozzi (LPMA, University of Paris 7) Approximation of Stopped Diffusion Processes CREST and 4™ Ritsumeikan-Florence Workshop. March oth 2012 8/11
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(:+0)/21+0(D),

Sketch of the proof. recall
& = Q"= Q)T,g.f.k,x) = Bx[{g(r" AT, X}) = (" AT, Mg, (X500} Zhe] +

—HEX[g(Th AT, I_lli_) ha (X h/\T))Z AT + /T o Zh ( (S) Xh )dS] (O,X)
’ 0

= EN(T,9.k,x)+E [ Z {U(ti+17”Dti (X t.+1))zt+1 - u(ti,l_lljti(Xtih))Ztih +Zt?f(tiyxt?)h}

0<ti<ThAT

+Op0|(h) = SH(T7g7 k7X) + SSDE(Tag7f7 k,X) =+ Opol(h)-

There exists ro > 0 s.t. for all (t,x) € [0, T] x Vp,(ro) : Mg (x) = x + VF(t,x)F~(t,x).

X Mop,(X) =Y

F(tx) n(t,y) = [VF]*(t, x)

(=] =l = = E waAx
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(3+0)/2140(D),

Sketch of the proof. recall
& = Q"= QUT,g.f.kx) = Ex[{g(r" AT, X, 1) = g(r" AT Mg (X5, 0))} 20l +

AT
B AT M, (X )Zhr + [ 20 (0(8), X )ds] - u(0.)

0<ti<thAT

+O0poi () == ENT, 9, k,X) + EPpe(T . 9, f, Kk, X) + Opai (h).

= SH(T,g,k,x)JrE[ > { (tise, Mg, (X tlH))ZtlH—u(ti,I'IDti(th‘))th‘+th‘f(ti,xt?)h}

There exists ro > 0 s.t. for all (t,x) € [0, T] x Vp,(ro) : Mg (x) = x + VF(t,x)F~(t,x).

ENT,g,k,x) = —E[LoorZhvg(=", X% - VE (", XMF (7", X")] + o(vh),
Eboe(T,0,f,k,X) = E[LngZhVu(r", X0) - VF (", X0)F (7", X)) + o(Vh)

T
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Stéphane Menozzi (LPMA, University of Paris 7) Approximation of Stopped Diffusion Processes CREST and 4™ Ritsumeikan-Florence Workshop. March oth 2012 8/11




Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(1+0)/21+0(D),

Sketch of the proof. recall
5r? = (Qh —Q)(T,g,f,k,x) :EX[{ (7_ /\T X h/\T) g(T AT I_lD h T(X h/\T))}Zrhh/\T]+

AT
FEQ( AT M, (X )Zhr + / Z/16)(6(5). Xs))ds] — u(0,x)

= EH(Tagak7X)+E |: Z { (t|+17 Dti ( t.+1))zt+1 - u(thn[_)ti(xt?))zt? —J’_Zt.hf(thxt.h)h}

Ogti<7'h/\T

+O0pol () == ENT, 9, k,X) + EPpe(T. 9, f, Kk, X) + Opai (D).

There exists ro > 0 s.t. for all (t,x) € [0, T] x Vp,(ro) : Mz (x) = x + VF(t,x)F~(t,x).

ENT,g,k,x) = —E[LoorZhvg(=", X% - VE(", XMF (7", X0)] + o(vh),
Eoe(T,9,f,k,x) = E[Ln1ZhVu(z", X% - VF (", XB)F~ (7", X")] + o(vh)

T

(7", X, h22F (7, x 1)) &)

— (1, Xr, [VE o (1, X;)|Y),
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Application of the limit theorem for the asymptotics of the overshoot

(B) D, b,o,q,f, k sufficiently smooth, a uniformly elliptic.
~ minimal smoothness u € C(3+0)/2140(D),
EP = coVhEx[L <1 Z(Vu — Vg)(7, X;) - VF (7, X;)|[VF o (7, X,)|| + 0(V'h), co = E[Y] = .5826...

» Error expansion justifies the Romberg extrapolation, i.e. \/EEE/Z — &P = o(Vvh).
» Explicit knowledge of ¢y allows to extend the boundary shifting procedure.
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Sensitivity w.r.t. the domain

Domain correction (shrinking).

» D" c D where D!' = {x € Dy : d(x,9D;) > coh'/?|VFo(t,x)|}

FIG.: Boundary 9D, and the smaller domain D}!

Stéphane Menozzi (LPMA, University of Paris 7)
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Sensitivity w.r.t. the domain

Domain correction (shrinking)

» D" ¢ D where D' = {x € D, : d(x,9D;) > cgh/?|VFo(t,x)|}

FIG.: Boundary D, and the smaller domain D}’
» M= inf{t; > 0: X" ¢ D"} discrete exit time from D".
> QN(T,g,f,k, x) :==E[g(X] )27,

L [T Zh o F(X D) ds]

Stéphane Menozzi (LPMA, University of Paris 7)

Approximation of Stopped Diffusion Processes
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Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D' = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

FIG.: Boundary 0D; and the smaller domain Dt“.

» M= inf{t; > 0: X" ¢ D"} discrete exit time from D".
> QN(T 0.1, k,x) :=E[g(X" .)Z" ., + [J" Zh o f(Xhg))ds].
Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :

é\f? = (Qh - Q)(T,g,f,k,X) - 0(\/5)

(=] =l = = E waAx
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D' = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

0D

FIG.: Boundary 0D; and the smaller domain Dt“.

Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :

é\f? = (Qh - Q)(T,g,f,k,X) - 0(\/5)

Key idea : sensitivity of the Dirichlet problem w.r.t. the boundary

=] F = = E waw
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D" = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

FIG.: Boundary 0D; and the smaller domain Dt“.

Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :

é\f? = (Qh - Q)(T,g,f,k,X) - 0(\/5)

Key idea : sensitivity of the Dirichlet problem w.r.t. the boundary

~» Cf. Sokolowski, Zolesio (“Introduction to shape optimization”, 1992)
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Sensitivity w.r.t. the domain

Domain correction (shrinking).

» D" C D where D" = {x € D; : d(x,9D;) > coh'/?|VFo(t,x)|}.

FIG.: Boundary 0D; and the smaller domain Dth

Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :

5D .
&P =

(Qh - Q)(T7g7f7 k,X) = O(\/_)
Sketch of the proof

Stéphane Menozzi (LPMA, University of Paris 7)
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Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D" = {x € D; : d(x,9D;) > coh¥/?|VFo(t,x)|}.

FIG.: Boundary 0D; and the smaller domain Dt“.

Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :
é\l’? = (Qh - Q)(T7g7f7 k,X) = O(\/ﬁ)

Sketch of the proof )
Q(T,9.f,k,x) == Blg(X11:)Zrs + fy " ZsF(Xs)ds], 7 := #(h) := inf{t > 0: X, ¢ DI'}.
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D" = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

FIG.: Boundary 0D; and the smaller domain Dt“.

Theorem : (Gobet, M., SPA (2010))

Assume (B), for h sufficiently small :
él’? = (Qh - Q)(T7g7f7 k,X) = O(\/ﬁ)

Sketch of the proof
Q(T,9.f,k,x) == Blg(X11:)Zrs + fy " ZsF(Xs)ds], 7 := #(h) := inf{t > 0: X, ¢ DI'}.

EP = (Q" — Q)(T,g,f.k,x) + (Q — Q)(T.g,f, k,x) = &Py + &Ds.

(=] =l = = E waAx
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Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D' = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

FiG.: Boundary 9D, and the smaller domain D).

Sketch of the proof
Q(T,9,f,k,X) == Elg(X115)Z1s + fy " ZsF(Xs)ds], 7 := #(h) := inf{t > 0 : X, ¢ DN'}.

&Y = (Q"—=Q)(T,9.f,k,x)+ (Q —Q)(T,9,f,k,x) :=Ep + &s.
Discretization error uniform w.r.t. to a small perturbation of the domain.

EPp = coVhEL[L <1 Z,(Vu — Vg)(7, X,) - VF(7,X,)[VF o (7, X.)[] + o(Vh).

(=] =l = = E waAx
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Sensitivity w.r.t. the domain

Domain correction (shrinking).

» D" c D where D' = {x € D; : d(x,9D;) > coh¥?|VF o (t,x)|}.

FIG.: Boundary 9D, and the smaller domain D}
Sketch of the proof

TAT

Q(T,9,f,k,x) = E[g(Xtr2)Z1rz + J

o Zsf(Xs)ds], 7

#(h) :=inf{t >0: X; ¢ D'}
&P = (Q"— Q)(T.g.f. k. x) +(Q —Q)(T.g.f .k, x) ==&l + &Ps.
Discretization error uniform w.r.t. to a small perturbation of the domain.

EPp = coVhEL[L <1 Z,(Vu — Vg)(r, X,) - VF(7,X,)[VF o (7, X.)[] + o(Vh).

Fore € R, D° := {(t,x) : (t,x +£6(t,x)) € D},0 € C2([0, T] x RY).
» 7 :=inf{t > 0: X; € D},

Stéphane Menozzi (LPMA, University of Paris 7)
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" C D where D' = {x € D; : d(x,9D;) > coh¥?|VFo(t,x)|}.

FiG.: Boundary 9D, and the smaller domain D!

Sketch of the proof
Q(T.9,f, K, X) == Bg(Xrrs)Z1ns + [ 7 ZsF(Xs)ds], 7 := #(h) := inf{t > 0: X, ¢ D"}.
é\f? = (Qh - Q)(T7gafa k7X) =+ (Q - Q)(Tag7f7 k,X) = é\f?,D + é\l’?s
Discretization error uniform w.r.t. to a small perturbation of the domain.

EPp = coVhEK[L <1 Z.(Vu — Vg)(7, X;) - VF (7, X,)|VF o (7, X,)|| + o(+h).

Fore € R, D7 := {(t,x) : (t,x +O(t,x)) € D},© € C12([0, T] x RY).
» 75 :=inf{t > 0: X; € D},

> 975( ) - IEX[Q(XT/\T )ZT/\T + fT/\T ZS (Xs)dS] a 975( )le:O — Ex[HTgTZT(VU - Vg)@(T, XT)]

= =) = = = wae
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
» D" c D where D" = {x € Dy : d(x, Dy) > coh'/?|VF o (t,x)]|}.

FIG.: Boundary 0D; and the smaller domain Dt“.

Sketch of the proof
(T, g,f,k,x) _E[g(xw)zw+fwzs (Xs)ds], 7 := #(h) :=inf{t > 0: X, & DM}
h = (Qh - Q)(T7g7f7 k,X) + (Q - Q)(T7g7f7 k,X) = é\f?,D + éﬁ?s
Discretization error uniform w.r.t. to a small perturbation of the domain.

&Py = coVhEx[L <1 Z.(Vu — Vg)(7, X;) - VF (7, X,)|VF o (7, X,)|| + o(vh).

Fore € R, D7 := {(t,x) : (t,x +£O(t,x)) € D},0 € C*2([0, T] x RY).
=inf{t > 0: X; & D},
> Jo(X) = Ex[9(Xtre)Zr e + o 7 ZF(Xs)dS], 0-T2(X)|ez0 = Ex[L<7Z-(VU — V@).0(7, X,)].
» O(t,x) := —coVF(t,x)|VFo(t,x)| = é’hs =
—CoVhEx[I, <1 Z(Vu — Vg)(7, X;) - VF (7, X,)|VFo(r, X,)|] + o(vh). o
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- Numericalresuits |
Numerical results
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Stationary PDE satisfied by u obtained taking g = u|sp, f = —Lu, L generator of X, k = 0.
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v

v

h | Without correction | Boundary shifting
i 0.169 (199%) 0.0220 (24.4%)
.05 0.114 (133%) 0.0115 (13.1%)
01| 0.0471 (54.7%) 0.0026 (2.98%)
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.05 0.114 (133%) 0.0115 (13.1%)
01| 0.0471 (54.7%) 0.0026 (2.98%)

TAB.: Supremum of the absolute value of the error (relative error % in parenthesis)

MC Lhii .
Xo = (—.7,.3,.7),h € {.01,.05, .1}, Erryc = {M—lcz (g(xf,;fi) +/O f(XqT("S))ds> } —u(Xo) :
i=1

“Log(Er_MC) ——
Sx+1

35
-Log(Delta)

FiG.: Discretization Error induced by the Monte Carlo method (no correction) : — log(Erryc) in function of —logéh),ac
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and in stationary regime.
» Extensions :

» Multidimensional cones (d = 2 cf. M., SINUM (2006)).
~ controls of the killed heat kernel in general domains with corners.

» Extension to jump/diffusion processes. Splitting of the overshoot and jumps if the jumps have finite
intensity. Wienerisation of the small jumps in the general case.
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Conclusion and extensions

Conclusion and extensions

» Error expansion and boundary correction for stopped diffusion processes for fixed final time
and in stationary regime.

» Extensions :

» Multidimensional cones (d = 2 cf. M., SINUM (2006)).
~~ controls of the killed heat kernel in general domains with corners.

» Extension to jump/diffusion processes. Splitting of the overshoot and jumps if the jumps have finite
intensity. Wienerisation of the small jumps in the general case.

» Correction techniques close to the boundary (cf. Borovkov, Peres) in order to get rid of the support

condition (digital knock-in/out option w.r.t. the hitting, distribution function of the exit time). Balance
between h and the distance of xq to the boundary.
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