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Problem

(Xt)t≥0 : d-dimensional diffusion process :

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)
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Problem

(Xt)t≥0 : d-dimensional diffusion process :

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

- W d-dimensional Brownian motion,

- b, σ Lipschitz continuous in space, locally bounded in time.
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Problem

(Xt)t≥0 : d-dimensional diffusion process :

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

D =
⋃

0<t<T

{t} × Dt = {(t , x) : 0 < t < T , x ∈ Dt} ⊂]0, T [×R
d .
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FIG.: Time-space domain and its time sections.
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FIG.: Time-space domain and its time sections.

- τ := inf{t > 0 : Xt 6∈ Dt}.

- τ ∧ T exit time of (t , Xt)t≥0 from the time-space domain D.
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Approximation of quantities of the following type

Q(T , g, f , k , x) := Ex [g(τ ∧ T , Xτ∧T )Zτ∧T +

∫ τ∧T

0
Zsf (s, Xs)ds], Zs = exp(−

∫ s

0
k(r , Xr)dr ). (Q)
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Problem

(Xt)t≥0 : d-dimensional diffusion process :

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

Approximation of quantities of the following type

Q(T , g, f , k , x) := Ex [g(τ ∧ T , Xτ∧T )Zτ∧T +

∫ τ∧T

0
Zsf (s, Xs)ds], Zs = exp(−

∫ s

0
k(r , Xr)dr ). (Q)

Two Approximations needed

◮ Discretization of the process (Xt)t≥0.
◮ Discretization of the stopping time τ ∧ T .
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).

◮ Assume r − σ2/2 = 0.
◮ Choose Q := e−rT

P[XT ≤ K , τ ≤ T ] for given K > 0, D = (0, H), H > (x0 ∨ K ) (Digital
Knock-in option).
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).

◮ Assume r − σ2/2 = 0.
◮ Choose Q := e−rT

P[XT ≤ K , τ ≤ T ] for given K > 0, D = (0, H), H > (x0 ∨ K ) (Digital
Knock-in option).

erT Q := P[WT ≤ log(K/x0)

σ
, sup

s∈[0,T ]

Ws ≥ log(H/x0)

σ
]

= P[W1 ≤ c, sup
s∈[0,1]

Ws ≥ b], c :=
log(K/x0)

σ
√

T
, b :=

log(H/x0)

σ
√

T
= P[N (0, 1) ≥ 2b − c] = 1 − Φ(2b − c).
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Discretization of τ
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).

◮ Assume r − σ2/2 = 0.
◮ Choose Q := e−rT

P[XT ≤ K , τ ≤ T ] for given K > 0, D = (0, H), H > (x0 ∨ K ) (Digital
Knock-in option).

erT Q := P[WT ≤ log(K/x0)

σ
, sup

s∈[0,T ]

Ws ≥ log(H/x0)

σ
]

= P[W1 ≤ c, sup
s∈[0,1]

Ws ≥ b], c :=
log(K/x0)

σ
√

T
, b :=

log(H/x0)

σ
√

T
= P[N (0, 1) ≥ 2b − c] = 1 − Φ(2b − c).

Discretization of τ

◮ Set h = T/m, m ∈ N
∗, (ti := ih)i≥0.

◮ Define τh := inf{ti = ih : Xti ≥ H}, Qh := e−rT
P[XT ≤ K , τh ≤ T ].
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σ
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= P[W1 ≤ c, sup
s∈[0,1]

Ws ≥ b], c :=
log(K/x0)

σ
√

T
, b :=

log(H/x0)

σ
√

T
= P[N (0, 1) ≥ 2b − c] = 1 − Φ(2b − c).

Discretization of τ

◮ Set h = T/m, m ∈ N
∗, (ti := ih)i≥0.

◮ Define τh := inf{ti = ih : Xti ≥ H}, Qh := e−rT
P[XT ≤ K , τh ≤ T ].

erT Qh = P[X̄m ≤ c
√

m, τ̄ ≤ m], X̄j :=

j
∑

i=1

Gi , (Gi)i≥0, i.i.d N (0, 1), τ̄ := inf{i ∈ N : X̄i ≥ b
√

m}

= P[X̄m ≥ 2(b
√

m + R̄m) − c
√

m], R̄m := X̄τ̄ − b
√

m (Overshoot!)

≃ (1 − E[Φ(2b +
R̄m√

m
) − c)]) (Asymptotic independence of X̄m and R̄m).
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).

◮ Assume r − σ2/2 = 0.
◮ Choose Q := e−rT

P[XT ≤ K , τ ≤ T ] for given K > 0, D = (0, H), H > (x0 ∨ K ) (Digital
Knock-in option).

Discretization of τ

erT (Qh − Q) ≃ −E[Φ(2(b +
R̄m√

m
) − c)] + Φ(2b − c) ≃ −2

E [R̄m]√
m

ϕ(2b − c) + o(
1√
m

).
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A first example

The Black & Scholes framework

Xt = x0 exp(σWt + (r − σ2/2)t).

◮ Assume r − σ2/2 = 0.
◮ Choose Q := e−rT

P[XT ≤ K , τ ≤ T ] for given K > 0, D = (0, H), H > (x0 ∨ K ) (Digital
Knock-in option).

Discretization of τ

erT (Qh − Q) ≃ −E[Φ(2(b +
R̄m√

m
) − c)] + Φ(2b − c) ≃ −2

E [R̄m]√
m

ϕ(2b − c) + o(
1√
m

).

◮ Asymptotics of the overshoot : E[R̄m] →
m

c0 :=
E[X̄2

τ̄+
]

2E[X̄τ̄+ ]
, τ̄+ := inf{i ≥ 0 : X̄i > 0} (Siegmund,

Journal Appl. Proba. (79), Sigmund and Yuh, PTRF (82) renewal arguments, Borovkov,
Sib. Math. Journal (62), Peres et al, AOP (97) complex analysis).

c0 = −ζ(1/2)√
2π

= .5826...
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c0 :=
E[X̄2

τ̄+
]

2E[X̄τ̄+ ]
, τ̄+ := inf{i ≥ 0 : X̄i > 0} (Siegmund,

Journal Appl. Proba. (79), Sigmund and Yuh, PTRF (82) renewal arguments, Borovkov,
Sib. Math. Journal (62), Peres et al, AOP (97) complex analysis).

c0 = −ζ(1/2)√
2π

= .5826...

◮ Correction Procedure : (Broadie, Glasserman, Kou, Math. Finance (97))

Q̃h := e−rT P[XT ≤ K , max
s∈[0,T ]

Xs ≥ H exp(−c0σ
√

h)], erT (Q̃h − Q) = o
(

1√
m

)

.
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A first example

The Black & Scholes framework

Some key points
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A first example

The Black & Scholes framework

Some key points

◮ Discretization of the stopping time yields an error of order
√

h.
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A first example

The Black & Scholes framework

Some key points

◮ Discretization of the stopping time yields an error of order
√

h.

◮ Crucial quantity to control : Overshoot.

Goal

◮ Characterize the overshoot for the Euler scheme of diffusion processes in time dependent
domains.
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A first example

The Black & Scholes framework

Some key points

◮ Discretization of the stopping time yields an error of order
√

h.

◮ Crucial quantity to control : Overshoot.

Goal

◮ Characterize the overshoot for the Euler scheme of diffusion processes in time dependent
domains.

◮ Establish an error expansion and a domain correction procedure in that framework.
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General Model

Back to diffusion processes in time-space domains

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

Stéphane Menozzi (LPMA, University of Paris 7) Approximation of Stopped Diffusion Processes CREST and 4th Ritsumeikan-Florence Workshop. March 9th 2012 4 / 11



General Model

Back to diffusion processes in time-space domains

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

D =
⋃

0<t<T

{t} × Dt = {(t , x) : 0 < t < T , x ∈ Dt} ⊂]0, T [×R
d .

D0

Dt DT

time
t0 T

R
d

FIG.: Time-space domain and its time sections.
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- τ := inf{t > 0 : Xt 6∈ Dt}.
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Back to diffusion processes in time-space domains

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

Q(T , g, f , k , x) := Ex [g(τ ∧ T , Xτ∧T )Zτ∧T +

∫ τ∧T

0
Zsf (s, Xs)ds], Zs = exp(−

∫ s

0
k(r , Xr)dr ). (Q)
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Back to diffusion processes in time-space domains

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

Q(T , g, f , k , x) := Ex [g(τ ∧ T , Xτ∧T )Zτ∧T +

∫ τ∧T

0
Zsf (s, Xs)ds], Zs = exp(−

∫ s

0
k(r , Xr)dr ). (Q)

Under “suitable” assumptions Q(T , g, f , k , x) = u(0, x). Feynman-Kac representation of the PDE
{

(∂tu + Ltu − ku + f )(t , x) = 0, (t , x) ∈ D,

u(t , x) = g(t , x), (t , x) ∈ PD,
(PDE)
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General Model

Back to diffusion processes in time-space domains

Xt = x +

∫ t

0
b(s, Xs)ds +

∫ t

0
σ(s, Xs)dWs (SDE)

Under “suitable” assumptions Q(T , g, f , k , x) = u(0, x). Feynman-Kac representation of the PDE
{

(∂tu + Ltu − ku + f )(t , x) = 0, (t , x) ∈ D,

u(t , x) = g(t , x), (t , x) ∈ PD,
(PDE)

- Ltϕ(x) = 〈b(t , x), Dxϕ(x)〉 + 1
2tr(a(t , x)D2

xϕ(x)) generator of Xt ,

- PD := ∂D\[{0} × D0] parabolic boundary of D,

- k (potential/interest rate), f (source term/dividend), g (final condition/Pay-off) in the heat
equation.
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Approximation procedure

Approximation scheme

Let h = T/m > 0, m ∈ N
∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.
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Approximation procedure

Approximation scheme

Let h = T/m > 0, m ∈ N
∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.

Euler scheme associated to (SDE) :

X h
t = x +

∫ t

0
b(φ(s), X h

φ(s))ds +

∫ t

0
σ(φ(s), X h

φ(s))dWs. (EUL)

Stéphane Menozzi (LPMA, University of Paris 7) Approximation of Stopped Diffusion Processes CREST and 4th Ritsumeikan-Florence Workshop. March 9th 2012 5 / 11
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Let h = T/m > 0, m ∈ N
∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.

Euler scheme associated to (SDE) :

X h
t = x +

∫ t

0
b(φ(s), X h

φ(s))ds +

∫ t

0
σ(φ(s), X h

φ(s))dWs. (EUL)

- Discrete exit time τh := inf{ti > 0 : X h
ti /∈ Dti},
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Approximation scheme

Let h = T/m > 0, m ∈ N
∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.

Euler scheme associated to (SDE) :

X h
t = x +

∫ t

0
b(φ(s), X h

φ(s))ds +

∫ t

0
σ(φ(s), X h

φ(s))dWs. (EUL)

- Discrete exit time τh := inf{ti > 0 : X h
ti /∈ Dti},

- Approximation of (Q) by :

Qh(T , g, f , k , x) := Ex [g(τh ∧ T , X h
τh∧T )Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds], Z h

t = e−
∫ t

0 k(φ(r),Xh
φ(r))dr .
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∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.

Euler scheme associated to (SDE) :

X h
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∫ t
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b(φ(s), X h

φ(s))ds +

∫ t
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φ(s))dWs. (EUL)

- Discrete exit time τh := inf{ti > 0 : X h
ti /∈ Dti},

- Approximation of (Q) by :

Qh(T , g, f , k , x) := Ex [g(τh ∧ T , X h
τh∧T )Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds], Z h

t = e−
∫ t

0 k(φ(r),Xh
φ(r))dr .

Control of the weak error

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).
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Approximation procedure

Approximation scheme

Let h = T/m > 0, m ∈ N
∗, (ti := ih)i≥0, ∀t ≥ 0, φ(t) := ti si ti ≤ t < ti+1.

Euler scheme associated to (SDE) :

X h
t = x +

∫ t

0
b(φ(s), X h

φ(s))ds +

∫ t

0
σ(φ(s), X h

φ(s))dWs. (EUL)

- Discrete exit time τh := inf{ti > 0 : X h
ti /∈ Dti},

- Approximation of (Q) by :

Qh(T , g, f , k , x) := Ex [g(τh ∧ T , X h
τh∧T )Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds], Z h

t = e−
∫ t

0 k(φ(r),Xh
φ(r))dr .

Tools
- Regularity of (PDE) Itô-Taylor expansions.

- Control of the overshoot.
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :
Let D ∈ C2 and F (t , x) := d(x , ∂Dt) (signed distance of x to the boundary of Dt).
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :
Let D ∈ C2 and F (t , x) := d(x , ∂Dt) (signed distance of x to the boundary of Dt).

(NCB) ∃r0 > 0, a0 > 0 s.t. ∇F (t , x)a(t , x)∇F (t , x)∗ ≥ a0, ∀(t , x) ∈ ⋃0≤t≤T{t} × V∂Dt(r0),

where V∂Dt(r0) := {x ∈ Dt : d(x , ∂Dt) ≤ r0}.
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Control of the Overshoot

Limit Theorem for the Overshoot : Assumptions

Non characteristic boundary condition :

(NCB) ∃r0 > 0, a0 > 0 s.t. ∇F (t , x)a(t , x)∇F (t , x)∗ ≥ a0, ∀(t , x) ∈ ⋃0≤t≤T{t} × V∂Dt(r0),

where V∂Dt(r0) := {x ∈ Dt : d(x , ∂Dt) ≤ r0}.

◮ (NCB) allows intuitively to connect F (t , Xt) := d(Xt , ∂Dt) with a time-changed Brownian
motion.

◮ (NCB) guarantees Eh
D −→

h→0
0.
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).

◮ Distribution function of Y , H(y) := (E[X̄τ̄+])−1
∫ y

0 P[X̄τ̄+ > z]dz,
X̄0 := 0, ∀n ≥ 1, X̄n :=

∑n
i=1 Gi ,(Gi)i≥0 i.i.d. N (0, 1), τ̄+ := inf{n ≥ 0 : X̄n > 0}.

◮ Y asymptotic law of the Brownian overshoot, cf. Siegmund (Journal of Applied
Proba. 1979).

◮ E(Y ) =
E[X̄2

τ+ ]

2E[X̄τ+ ]
:= c0 = −ζ(1/2)√

2π
= 0.5826..., explicit knowledge of the constant important for

the correction procedure.
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).

Ideas to prove the Theorem :

◮ Half space approximation of the boundary of the domain.
◮ Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood

of the boundary.
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).

Ideas to prove the Theorem :

◮ Half space approximation of the boundary of the domain.
◮ Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood

of the boundary.

 Double localization needed.
◮ approximation with constant domain and coefficients in a neighbourhood of size hα of the boundary,

α > 0.
◮ renewal arguments apply outside of a neighbourhood of size h1/2−ε < hα, ε > 0 (w.r.t. to the

characteristic Brownian scale of order h1/2).
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Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).

Ideas to prove the Theorem :

◮ Half space approximation of the boundary of the domain.
◮ Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood

of the boundary.

 Double localization needed.
◮ approximation with constant domain and coefficients in a neighbourhood of size hα of the boundary,

α > 0.
◮ renewal arguments apply outside of a neighbourhood of size h1/2−ε < hα, ε > 0 (w.r.t. to the

characteristic Brownian scale of order h1/2).

t0 T

R
d

time

∂D
}h

1
2−ε
}

hα

FIG.: The two localization neighbourhoods α < 1
2 − ε.
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Control of the Overshoot

Limit Theorem for the Overshoot : Statement

Theorem : joint limit laws associated to the overshoot.
Assume D ∈ C2, (NCB), b, σ ∈ C(1+θ)/2,1+θ(D̄), θ ∈]0, 1[.

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),

Y Random Variable independent of (τ, Xτ).

Ideas to prove the Theorem :

◮ Half space approximation of the boundary of the domain.
◮ Approximation of the Euler scheme by a process with frozen coefficients in a neigbourhood

of the boundary.

t0 T

R
d

time

∂D
}h

1
2−ε
}

hα

FIG.: The two localization neighbourhoods α < 1
2 − ε.

◮ Final step : sharp control of the previous approximations w.r.t. the Brownian case and the
indicated scales.
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Theorem : error expansion (Gobet, M., SPA 2010)
Assume (B), for h sufficiently small

ED
h = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h), (DEV)

c0 := E[Y ] = .5826.
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Theorem : error expansion (Gobet, M., SPA 2010)
Assume (B), for h sufficiently small

ED
h = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h), (DEV)

c0 := E[Y ] = .5826.

Sketch of the proof. Recall

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Theorem : error expansion (Gobet, M., SPA 2010)
Assume (B), for h sufficiently small

ED
h = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h), (DEV)

c0 := E[Y ] = .5826.

Sketch of the proof. Recall

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).

There exists r0 > 0 s.t. for all (t , x) ∈ [0, T ] × VDt(r0) : ΠD̄t
(x) = x + ∇F (t , x)F−(t , x).
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Sketch of the proof. Recall

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).

There exists r0 > 0 s.t. for all (t , x) ∈ [0, T ] × VDt(r0) : ΠD̄t
(x) = x + ∇F (t , x)F−(t , x).

x
{

Π∂Dt (x) = yx

F−(t , x) n(t , y) = [∇F ]∗(t , x)
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Sketch of the proof. Recall

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).

There exists r0 > 0 s.t. for all (t , x) ∈ [0, T ] × VDt(r0) : ΠD̄t
(x) = x + ∇F (t , x)F−(t , x).

Eh
Π(T , g, k , x) = −E[Iτh≤T Z h

τh∇g(τh, X h
τh) · ∇F (τh, X h

τh)F−(τh, X h
τh)] + o(

√
h),

Eh
PDE(T , g, f , k , x) = E[Iτh≤T Z h

τh∇u(τh, X h
τh) · ∇F (τh, X h

τh)F−(τh, X h
τh)] + o(

√
h)
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

Sketch of the proof. Recall

ED
h := (Qh − Q)(T , g, f , k , x) = Ex [

{

g(τh ∧ T , X h
τh∧T ) − g(τh ∧ T , ΠD̄

τh∧T
(X h

τh∧T ))
}

Z h
τh∧T ] +

+Ex [g(τh ∧ T , ΠD̄
τh∧T

(X h
τh∧T ))Z h

τh∧T +

∫ τh∧T

0
Z h

φ(s)f (φ(s), X h
φ(s))ds] − u(0, x)

:= Eh
Π(T , g, k , x) + E





∑

0≤ti<τh∧T

{

u(ti+1, ΠD̄ti+1
(X h

ti+1
))Z h

ti+1
− u(ti , ΠD̄ti

(X h
ti ))Z

h
ti + Z h

ti f (ti , X h
ti )h
}





+Opol(h) := Eh
Π(T , g, k , x) + Eh

PDE(T , g, f , k , x) + Opol(h).

There exists r0 > 0 s.t. for all (t , x) ∈ [0, T ] × VDt(r0) : ΠD̄t
(x) = x + ∇F (t , x)F−(t , x).

Eh
Π(T , g, k , x) = −E[Iτh≤T Z h

τh∇g(τh, X h
τh) · ∇F (τh, X h

τh)F−(τh, X h
τh)] + o(

√
h),

Eh
PDE(T , g, f , k , x) = E[Iτh≤T Z h

τh∇u(τh, X h
τh) · ∇F (τh, X h

τh)F−(τh, X h
τh)] + o(

√
h)

(τh, X h
τh, h−1/2F−(τh, X h

τh))
(law)−→
h→0

(τ, Xτ , |∇Fσ(τ, Xτ)|Y ),
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Error expansion

Application of the limit theorem for the asymptotics of the overshoot

(B) D, b, σ, g, f , k sufficiently smooth, a uniformly elliptic.
 minimal smoothness u ∈ C(1+θ)/2,1+θ(D̄).

ED
h = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h), c0 = E[Y ] = .5826...

◮ Error expansion justifies the Romberg extrapolation, i.e.
√

2ED
h/2 − ED

h = o(
√

h).
◮ Explicit knowledge of c0 allows to extend the boundary shifting procedure.
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Boundary Shifting

Sensitivity w.r.t. the domain

Domain correction (shrinking).
◮ Dh ⊂ D where Dh

t = {x ∈ Dt : d(x , ∂Dt) > c0h1/2|∇Fσ(t , x)|}.
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∂Dt Dh
t

FIG.: Boundary ∂Dt and the smaller domain Dh
t .
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Domain correction (shrinking).
◮ Dh ⊂ D where Dh

t = {x ∈ Dt : d(x , ∂Dt) > c0h1/2|∇Fσ(t , x)|}.

����
����
����
����
����
����

����
����
����
����
����
����

∂Dt Dh
t

FIG.: Boundary ∂Dt and the smaller domain Dh
t .

◮ τ̂h := inf{ti > 0 : X h
ti 6∈ Dh

ti } discrete exit time from Dh.

◮ Q̂h(T , g, f , k , x) := E[g(X h
T∧τ̂h)Z h

T∧τ̂h +
∫ T∧τ̂h

0 Z h
φ(s)f (X

h
φ(s))ds].
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FIG.: Boundary ∂Dt and the smaller domain Dh
t .

◮ τ̂h := inf{ti > 0 : X h
ti 6∈ Dh

ti } discrete exit time from Dh.

◮ Q̂h(T , g, f , k , x) := E[g(X h
T∧τ̂h)Z h

T∧τ̂h +
∫ T∧τ̂h

0 Z h
φ(s)f (X

h
φ(s))ds].

Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).
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Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).

Key idea : sensitivity of the Dirichlet problem w.r.t. the boundary
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Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).

Key idea : sensitivity of the Dirichlet problem w.r.t. the boundary

 Cf. Sokolowski, Zolesio (“Introduction to shape optimization”, 1992)
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Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).

Sketch of the proof
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Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).

Sketch of the proof
Q̂(T , g, f , k , x) := E[g(XT∧τ̂)ZT∧τ̂ +

∫ T∧τ̂

0 Zsf (Xs)ds], τ̂ := τ̂(h) := inf{t ≥ 0 : Xt 6∈ Dh
t }.
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Theorem : (Gobet, M., SPA (2010))
Assume (B), for h sufficiently small :

ÊD
h := (Q̂h − Q)(T , g, f , k , x) = o(

√
h).

Sketch of the proof
Q̂(T , g, f , k , x) := E[g(XT∧τ̂)ZT∧τ̂ +

∫ T∧τ̂

0 Zsf (Xs)ds], τ̂ := τ̂(h) := inf{t ≥ 0 : Xt 6∈ Dh
t }.

ÊD
h := (Q̂h − Q̂)(T , g, f , k , x) + (Q̂ − Q)(T , g, f , k , x) := ÊD

h,D + ÊD
h,S.
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ÊD
h := (Q̂h − Q̂)(T , g, f , k , x) + (Q̂ − Q)(T , g, f , k , x) := ÊD

h,D + ÊD
h,S.

Discretization error uniform w.r.t. to a small perturbation of the domain.

ÊD
h,D = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h).
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Discretization error uniform w.r.t. to a small perturbation of the domain.

ÊD
h,D = c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h).

For ε ∈ R, Dε := {(t , x) : (t , x + εΘ(t , x)) ∈ D}, Θ ∈ C1,2([0, T ] × R
d).

◮ τ ε := inf{t ≥ 0 : Xt 6∈ Dε
t },
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√
h).

For ε ∈ R, Dε := {(t , x) : (t , x + εΘ(t , x)) ∈ D}, Θ ∈ C1,2([0, T ] × R
d).

◮ τ ε := inf{t ≥ 0 : Xt 6∈ Dε
t },

◮ Jε(x) := Ex [g(XT∧τε)ZT∧τε +
∫ T∧τε

0 Zsf (Xs)ds], ∂εJε(x)|ε=0 = Ex [Iτ≤T Zτ(∇u −∇g).Θ(τ, Xτ)].
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ÊD
h,D = c0

√
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h).

For ε ∈ R, Dε := {(t , x) : (t , x + εΘ(t , x)) ∈ D}, Θ ∈ C1,2([0, T ] × R
d).

◮ τ ε := inf{t ≥ 0 : Xt 6∈ Dε
t },

◮ Jε(x) := Ex [g(XT∧τε)ZT∧τε +
∫ T∧τε

0 Zsf (Xs)ds], ∂εJε(x)|ε=0 = Ex [Iτ≤T Zτ(∇u −∇g).Θ(τ, Xτ)].

◮ Θ(t , x) := −c0∇F (t , x)|∇Fσ(t , x)| ⇒ ÊD
h,S =

−c0

√
hEx [Iτ≤T Zτ (∇u −∇g)(τ, Xτ) · ∇F (τ, Xτ)|∇Fσ(τ, Xτ)|] + o(

√
h).
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Numerical results

Numerical results

dXt = b(Xt)dt + σ(Xt)dWt , ∀x ∈ R
3, b(x) = (x2 x3 x1)

∗ ,

σ(x) =







(1 + |x3|)1/2 0 0
1
2(1 + |x1|)1/2

(

3
4

)1/2
(1 + |x1|)1/2 0

0 1
2(1 + |x2|)1/2

(

3
4

)1/2
(1 + |x2|)1/2






,

X0 ∈ D = B(0, 2).
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




,

X0 ∈ D = B(0, 2).

◮ u(x) := x1x2x3 on D̄.
◮ Stationary PDE satisfied by u obtained taking g = u|∂D, f = −Lu, L generator of X , k = 0.
◮ x0 s.t. (x i

0)1≤i≤3 ∈ {−.7,−.3, .3, .7}, NMC = 106 Monte Carlo samples, h ∈ {.01, .05, .1}.
◮ 95% confidence interval in [1.5 × 10−3, 2 × 10−3]
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h Without correction Boundary shifting
.1 0.169 (199%) 0.0220 (24.4%)

.05 0.114 (133%) 0.0115 (13.1%)

.01 0.0471 (54.7%) 0.0026 (2.98%)

TAB.: Supremum of the absolute value of the error (relative error % in parenthesis)
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x0 = (−.7, .3, .7), h ∈ {.01, .05, .1}, ErrMC :=

{

1
MC

MC
∑

i=1

(

g(X h,i
τh,i ) +

∫ τh,i

0
f (X h,i

φ(s))ds

)}

− u(x0) :

 2

 2.5

 3

 3.5

 4

 4.5

 2  2.5  3  3.5  4  4.5  5

-Log(Delta)

-Log(Err_MC)) in function of -Log(Delta)

-Log(Err_MC)
.5*x +1

FIG.: Discretization Error induced by the Monte Carlo method (no correction) : − log(ErrMC) in function of − log(h)

.
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Conclusion and extensions

Conclusion and extensions

◮ Error expansion and boundary correction for stopped diffusion processes for fixed final time
and in stationary regime.
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◮ Extension to jump/diffusion processes. Splitting of the overshoot and jumps if the jumps have finite
intensity. Wienerisation of the small jumps in the general case.
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Conclusion and extensions

◮ Error expansion and boundary correction for stopped diffusion processes for fixed final time
and in stationary regime.

◮ Extensions :
◮ Multidimensional cones (d = 2 cf. M., SINUM (2006)).
 controls of the killed heat kernel in general domains with corners.

◮ Extension to jump/diffusion processes. Splitting of the overshoot and jumps if the jumps have finite
intensity. Wienerisation of the small jumps in the general case.

◮ Correction techniques close to the boundary (cf. Borovkov, Peres) in order to get rid of the support
condition (digital knock-in/out option w.r.t. the hitting, distribution function of the exit time). Balance
between h and the distance of x0 to the boundary.
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